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The large scale turbulent statistics of mechanically driven superfluid 4He was shown experimen-
tally to follow the classical counterpart. In this paper we use direct numerical simulations to study
the whole range of scales in a range of temperatures T ∈ [1.3, 2.1] K. The numerics employ self-
consistent and non-linearly coupled normal and superfluid components. The main results are that
(i) the velocity fluctuations of normal and super components are well-correlated in the inertial
range of scales, but decorrelate at small scales. (ii) The energy transfer by mutual friction between
components is particulary efficient in the temperature range between 1.8 K and 2 K, leading to
enhancement of small scales intermittency for these temperatures. (iii) At low T and close to Tλ
the scaling properties of the energy spectra and structure functions of the two components are
approaching those of classical hydrodynamic turbulence.
I. INTRODUCTION
Superfluid 4He below the transition temperature Tλ =
2.17 K may be viewed as a two-fluid system1–5 consist-
ing of a normal fluid with very low kinematic viscosity
νn(T ) and an inviscid superfluid component. The contri-
butions of the components are defined by their densities,
ρn(T ), ρs(T ), constituting together the density of super-
fluid 4He: ρHe = ρn(T ) + ρs(T ). Each component moves
with its own velocity un(r, t), us(r, t). Due to quantum
mechanical restrictions, the circulation in the superfluid
component is confined to thin vortex lines and quantized
to multiples of circulation quantum κ = h/m ≈ 10−3
cm2/s, where h is the Plank constant and m denotes the
mass of a 4He atom. Turbulence in the superfluid compo-
nent is accompanied by the creation of a dense disordered
tangle of these vortex lines with a typical intervortex dis-
tance ℓ.
It is commonly accepted that the statistical proper-
ties of the large scale fluctuation in turbulent superfluid
He conform with those of classical fluids when forced
by mechanical means. Examples are rotating contain-
ers or flows behind a grid. The mean velocities of the
normal and superfluid components in such driven super-
fluid 4He appear to coincide6. Numerous laboratory and
theoretical studies showed that under these conditions
the mutual friction between the normal- and superfluid
components couples also their fluctuations: un(r, t) ≈
us(r, t) almost at all scales and the resulting turbulent
energy spectra of the mechanically driven superfluid tur-
bulence are close to those of the classical hydrodynamic
turbulence1,7–11.
One of the important aspects of the turbulent statistics
in classical turbulence is the intermittency of the velocity
fluctuations. This intermittency results in corrections to
the dimensionally derived energy spectra and structure
functions. This subject is thoroughly studied in the clas-
sical case, but much less so in the context of superfluid
4He. The experiments7–9, conducted mostly at low tem-
peratures and close to Tλ, did not find deviations from
the turbulent statistics of classical flows. A very recent
experimental study12 of turbulence in the wake of a disc
was conducted in a wide range of temperatures; it also
did not find any temperature dependence of the scaling
exponent of the second order structure function. Prelimi-
nary results of the ongoing study13 of turbulence behind a
grid indicated a temperature dependence of higher-order
structure functions scaling.
Numerical simulations of homogeneous isotropic super-
fluid turbulence using different methods indicated that
turbulence statistics in 4He depend on the temperature.
The important aspect is the relative density of the normal
and super components. At temperature close to the Tλ
and also for T . 1.6K, where one or the other component
dominate, the scaling exponents of structure functions
are close to those of classical turbulence. In the range of
temperatures where the densities of the components are
similar, the statistics change. The shell-model study14
found larger intermittency corrections compared to clas-
sical turbulence in these conditions. It was conjectured
that the effect is related to the energy exchange between
the normal and superfluid components and the additional
dissipation due to mutual friction between components.
Recently these findings were questioned in another shell-
model study15, where intermittency was found to be sup-
pressed for the same conditions or even absent in a certain
temperature range. This conjecture appears to disagree
with the results of the Gross-Pitaevkii simulations16 of
grid turbulence. There enhanced intermittency is found
in the zero-temperature limit. In light of these conflicting
results is appears worthwhile to investigate further these
issues.
We present here results of Direct Numerical Simula-
tions (DNS) of mechanically driven superfluid 4He. We
study energy spectra and structure functions of both
components in a wide range of temperatures, using typi-
2cal parameters17 for 4He. A non-monotonic temperature
dependence of the apparent scaling exponents of the en-
ergy spectra and the structure functions is found. The
exponents are close to their classical counterparts at low
temperatures and close to Tλ. In the intermediate tem-
perature range 1.8 . T . 2 K, where the densities of the
components are similar ρs ∼ ρn, the scaling properties
significantly deviate from their classical values. The dif-
ference in properties can be attributed to the degree of
dynamical correlations between the fluctuations of the
two components. The normal and superfluid velocity
fluctuations appear correlated at low and high tempera-
tures, but almost uncorrelated in the intermediate tem-
perature range. Then the small scale intermittency mea-
sured by the velocity flatness is found to strongly exceed
the classical values. The analysis of the energy balance
at different scales revealed the role of the dissipation by
mutual friction in intermittency enhancement.
II. STATISTICS OF TURBULENCE IN
CO-FLOWING 4HE : ANALYTICAL
DESCRIPTION
A. Gradually damped HVBK-equations for
superfluid 3He-B turbulence
Following Ref. 18 we describe large scale turbulence
in superfluid 4He by the gradually-damped version14 of
the coarse-grained Hall-Vinen2-Bekarevich-Khalatnikov5
(HVBK) equations. It has a form of two Navier-Stokes
equations for un(r, t) and us(r, t):
∂ us
∂t
+ (us ·∇)us − 1
ρs
∇ps = νs∆us + fns +ϕs , (1a)
∂ un
∂t
+ (un ·∇)un − 1
ρn
∇pn = νn∆un − ρs
ρn
fns +ϕn ,(1b)
pn =
ρn
ρ
[p+
ρs
2
|us − un|2] , ps = ρs
ρ
[p− ρn
2
|us − un|2] ,
fns ≃ Ω (un − us) , Ω = α(T )ΩT , (1c)
stirred by a random force ϕ(r, t) and coupled by the mu-
tual friction force fns in approximated form
19.Eq. (1c). It
involves the temperature dependent dimensionless dissi-
pative mutual friction parameter α(T ) and rms superfluid
turbulent vorticity ΩT. In isotropic turbulence
Ω2
T
(t) ≡ 1
2
〈|ω(r, t)|2〉
r
≈
∫
k2Es(k, t)dk , (2)
where Es(k, t) is the one-dimensional (1D) energy spec-
trum, normalized such that the total energy density per
unit mass Es(t) =
∫
Es(k, t) dk. Here the turbulent vor-
ticity ΩT(t) is defined self-consistently from the instan-
taneous energy spectrum Es(k, t). Other parameters in-
clude the pressures pn, ps of the normal and the superfluid
components, the He density ρ ≡ ρs+ρn and the kinematic
viscosity of normal fluid component νn. The dissipative
term with the Vinen’s effective superfluid viscosity νs was
added14 to account for the energy dissipation at the in-
tervortex scale ℓ due to vortex reconnections and similar
effects.
Generally speaking, Eqs. (1a) and (1b) involve also
contributions of a reactive (dimensionless) mutual fric-
tion parameter α′, that renormalizes their nonlinear
terms. For example, in Eq. (1a) (us ·∇)us ⇒ (1−α′)(us ·
∇)us. However, in the studied range of temperatures
|α′| . 0.02≪ 1 [see column (6) in Tab. I] and this renor-
malization can be peacefully ignored. For similar reasons
we neglected all other α′-related term in Eqs. (1).
B. Statistical description of space-homogeneous,
isotropic turbulence of superfluid 3He
1. Definition of 1-D energy spectra and cross-correlations
Traditionally the energy distribution over scales in a
space-homogeneous, isotropic case is described by one-
dimensional (1D) energy spectra of the normal and su-
perfluid components, En(k) and Es(k):
En(k) =
k2
2π2
Fnn(k) , Es(k) =
k2
2π2
Fss(k) , (3a)
defined in terms of the three-dimensional spectra Fnn(k)
and Fss:
〈u˜n(k, t) · u˜n(q, t)〉 = (2π)3Fnn(k) δ(k + q) , (3b)
〈u˜s(k, t) · u˜s(q, t)〉 = (2π)3Fss(k) δ(k + q) . (3c)
Here u˜n(k, t) and u˜s(k, t) are k-Fourier transforms of
the velocity fields un(r, t) and us(r, t). Delta-function
δ(k + q) is a consequence of space homogeneity.
Similarly to the energy spectra, we define a simultane-
ous cross-correlation function:
Ens(k) ≡ k
2
2π2
Fns(k) , (4a)
〈u˜n(k, t) · u˜s(q, t)〉 = (2π)3Fns(k) δ(k + q) . (4b)
and a third-order correlation function
〈
u˜ ξs (k, t) u˜
β
s (q, t) u˜
γ
s (p, t)
〉
= (2π)3F ξβγsss (k, q,p) δ(k + q + p) . (5)
2. Energy balance equation in the k-representation
The balance equations20 for superfluid and normal
fluid energy spectra, Es(k, t) and En(k, t) in stationary
3case read:
∂εs(k)
∂k
+Ds,ν(k) + Ds,α(k) = 0 , (6a)
∂εn(k)
∂k
+Dn,ν(k) + Dn,α(k) = 0 , (6b)
Ds,ν(k) = 2 νsk
2Es(k) , Dn,ν = 2 νnk
2En(k) , (6c)
Ds,α(k) = 2Ω
[
Es(k)− Ens(k)
]
, (6d)
Dn,α(k) = 2Ω
ρs
ρn
[
En(k)− Ens(k)
]
. (6e)
Here terms Ds,ν and Dn,ν describe viscous energy dissi-
pation. The terms Ds,α and Dn,α are responsible for the
energy dissipation by mutual friction with characteristic
frequency Ω given by Eqs. (1c) and (2).
To obtain a simple form Eqs. (6d) and (6e) we, fol-
lowing Ref. 19, accounted for the fact that Ω(t) is domi-
nated by the motions of smallest scales (about intervor-
tex distance ℓ), while E(k, t) - by the 1/k scale. This
allows us to neglect their correlation in time and to re-
place 〈Ω(t)E(k, t)〉 by a product of 〈Ω(t)〉t = Ω and
〈E(k, t)〉t = E(k).
First terms of the balance equations are related to
the energy transfer over scales. The energy transfer
term Tr(k) in Eqs. (6) (in which we omit here subscripts
“s” and “n”) originates from the nonlinear terms in the
HVBK Eqs. (1a) and has the same form as in classical
hydrodynamic turbulence (see, e.g. Refs. 21,22):
Tr(k) = 2Re
{∫
V ξβγ(k, q,p)F ξβγ(k, q,p)
×δ(k + q + p)d
3q d3p
(2π)6
}
, (7a)
V ξβγ(k, q,p) = i
(
δξξ′ − k
ξkξ
′
k2
)
×
(
kβδξ′γ + k
γδξ′β
)
. (7b)
Importantly, Tr(k) preserves total turbulent kinetic en-
ergy:
∫
∞
0
Tr(k′)dk′ = 0 and therefore can be written in
the 1D divergent form:
Tr(k) =
∂ ε(k)
dk
, (7c)
where ε(k) is the energy flux over scales.
C. Generalized Kolmogorov’s
4
5
-law for superfluid
turbulence
One of the best known results in the statistical theory
of the homogeneous, stationary, isotropic, fully developed
hydrodynamic turbulence is the Kolmogorov’s “four-fifth
law”23, which relates the third order structure function
Sl3(R) =
〈[
δul(r,R)
]3〉
(8a)
of the longitudinal velocity differences
δul(r,R) ≡ δu(r,R) ·R/R , (8b)
δu(r,R) ≡ [u(r +R)− u(r)] , (8c)
to the rate of energy dissipation ε. Note that we omitted
for shortness the time argument t in notations for the
velocity field u(r, t) and the correlation functions. In
the inertial interval of scales this law reads:
S3,l(R) = −4
5
εR . (9)
Formulated in the R-space, Eq. (9) is much simpler than
its equivalent Eqs. (7) in the k-representation that relate
the third-order correlation function Fsss(k, q,p), Eq. (5),
to the energy flux ε(k).
To generalize the
4
5
-law (9) to the case of super-
fluid turbulence, define the second order velocity struc-
ture functions of the normal and superfluid velocity
differences24
Ss(R) =
〈|δus(r,R)|2〉 , (10a)
Sn(R) =
〈|δun(r,R)|2〉 , (10b)
and triple correlations
Jα,βγs (R) =
〈
uαs (R+ r)u
β
s (r)u
γ
s (r)
〉
, (10c)
Jα,βγn (R) =
〈
uαn(R + r)u
β
n(r)u
γ
n(r)
〉
. (10d)
From now on we omit subscripts “n” or “s” in relations
that are valid for both normal and superfluid compo-
nents. We also assume spatial homogeneity and R ⇔
−R symmetry (i.e. absence of helicity). In that case
Eqs. (10a) and (10b) can be rewritten as follows:
S(R) = −2 〈δu(r,R) · u(r)〉 . (10e)
Similarly, the equations for the third-order struc-
ture function
〈
δuα(r,R)δuβ(r,R)δuγ (r,R)
〉
can be ex-
pressed via triple correlations (10c) and (10d). In the sta-
tionary turbulence the velocity structure function (10e)
is time-independent. Computing its rate of change using
Eqs. (1), we find
0 =
∂S(R)
2 ∂t
= −T (R)+P (R)−Dν(R)−Dα(R) . (11a)
Here the energy transfer term T (R) originates from the
nonlinear term (u ·∇)u in Eqs. (1), the energy pumping
term P (R) – from the random driving force ϕ(r, t) , the
dissipation terms Dν(R) and Dα(R) – from the viscous
(∝ ν) and the mutual friction (∝ α) terms.
Taking into account that due to space homogeneity,
the one-point contribution vanishes 24, the transfer term
may be written as:
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FIG. 1: Color online. Temperature dependence of 4He parameters used in the simulations of HVBK Eqs. (1): ratio of the
superfluid and normal fluid densities [Panel (a)], mutual friction parameters α in the superfluid Eq. (1a) and αρs/ρn in the
normal fluid Eq. (1b) [Panel (b)] and (effective) kinematic viscosities νs and νn [Panel (c)].
TABLE I: Parameters of simulations by columns: (# 1) Temperature; (# 2) Ratio of the normal and superfluid densities,
ρn/ρs; (# 3 and #4) the kinematic viscosity of the superfluid and normal fluid components νs and νs; (# 5 and #6) Parameters
of the mutual friction α and α′; (# 7 and #8) the root mean square (rms) of the superfluid and normal fluid turbulent velocity
fluctuations vsT and v
n
T; (# 9 and #10) the rms of the superfluid and normal fluid vorticity Ω
s
T and Ω
n
T; (# 11 and #12) the
Taylor-microscale Reynolds number of the superfluid and normal fluid components Resλ and Re
n
λ, where λ = 2piuT/ΩT is the
Taylor microscale;
The temperature dependence of ρs/ρn, νn, α and α
′ are given according to Ref. 17 and νs according to Ref.
25. In all simulations:
the number of collocation points along each axis is N = 1024; the size of the periodic box is L = 2pi the range of forced
wavenumbers kϕ˜ = [0.5, 1.5].
1 2 3 4 5 6 7 8 9 10 11 12
T
ρs
ρn
νs νn α α
′ unT = u
s
T = Ω
n
T = Ω
s
T = Re
n
λ = Re
s
λ =
K ×104 ×104 ×10 ×10
√
〈un2〉
√
〈us2〉
√
〈ωn2〉 /2
√
〈ωs2〉 /2 unTλn/ν
n usTλ
s/νs
1.3 20.0 5.0 117.0 0.34 0.14 4.3 4.5 33 62 222 2865
1.6 5.0 5.0 13.5 0.97 0.16 4.2 4.2 45 57 1285 2770
1.8 2.17 5.0 6.1 1.6 0.08 3.6 3.6 31 37 2910 3151
1.9 1.35 5.0 4.0 2.06 0.08 3.7 3.7 30 30 4042 3182
1.9 1.35 6.3 5.0 2.06 0.08 3.4 3.5 31 31 4182 3306
2.0 0.81 5.0 3.0 2.79 0.12 3.5 3.5 24 21 4448 3020
2.0 0.81 8.6 5.0 2.79 0.12 3.3 3.3 21 18 7639 5396
2.1 0.35 5.0 2.0 4.81 −0.24 3.6 3.5 35 25 3318 17605
2.1 0.35 1.25 5.0 4.81 −0.24 4.3 4.2 70 52 5738 3083
T (R) = 2
〈
uα(r +R)
∂
∂rβ
uβ(r)uα(r)
〉
(11b)
= −2
〈
uβ(r)uα(r)
∂
∂rβ
uα(r +R)
〉
= −2
〈
uβ(r)uα(r)
∂
∂Rβ
uα(r +R)
〉
= −2 ∂J
α,βα(R)
∂Rβ
.
Here summation over repeated indices is implied.
The rest of contributions to (11a) can be found
straightforwardly:
P (R) = 2ε , Dν(R) = ν∇2S(R) , (11c)
Dα,s(R) = Ω[Sns(R) − Ss(R)] , (11d)
Dα,n(R) =
ρs
ρn
Ω[Sns(R) − Sn(R)] , (11e)
Sns(R) ≡ 〈δus(r,R) · δun(r,R)〉 . (11f)
Equations (11) can be rewritten in a compact form:
T (R) = −2∇ · J(R) = 2ε− ν∇2S(R)−Dα(R) ,(12a)
J(R) ≡ 〈u(r)[u(r) · u(r +R)]〉 , (12b)
where Dα(R) is given by Eq. (11d) or (11e). Equa-
tions (12) represent the generalized form of the Kol-
mogorov’s
4
5
-law for superfluid turbulence.
5To test its consistency with the original form, we con-
sider (12) in the inertial interval of scales of the isotropic
turbulence without helicity. First, we recall the most
general form of Jα,βγ in that case24:
Jα,βγ = a1(R)[δαβR
γ + δαγR
β + δβγR
α] (13a)
+a2(R)[δαβR
γ + δαγR
β − 2δβγRα]
+a3(R)[δαβR
γ + δαγR
β + δβγR
α − 5RαRβRγ/R2] .
Incompressibility conditions result in two relations be-
tween three functions a1(R), a2(R) and a3(R):( d
dR
+
5
R
)
a3(R) =
2
3
d
dR
[
a1(R) + a2(R)
]
, (13b)( d
dR
+
3
R
)[
5a1(R)− 4a2(R)
]
= 0 . (13c)
Using Eqs. (13) one can simplify Eq. (11b) for the transfer
term:
T (R) = 2
∂
∂Rα
Rα
[
5a1(R) + 2a2(R)
]
. (14)
In the inertial interval of scales, [i.e. Dα = 0 and Dν =
0], the term T (R) is independent of R. This is possible
if a1 and a2 are independent of R as well. Then from
Eqs. (13b), (13c), (14) together with T (R) = 2 ε we find:
a1 = −2ε/45 , a2 = −ε/18, a3 = 0 . (15)
Together with Eq. (13a) this finally gives:
Jα,βγ = − ε
10
(
Rγδαβ +R
βδαγ − 2
3
Rαδβγ
)
. (16)
The longitudinal third-order structure function Sl3,
Eqs. (8) can be rewritten as follows:
Sl3(R) = 6
〈
ul(r +R)(ul(r))2
〉
= 6Jz,zz(R) , (17)
where ul(r + R) = u(r + R) · zˆ , zˆ = R/R. Together
with Eqs. (16) this gives the celebrated
4
5
-Kolmogorov’s
law (9).
III. STATISTICS OF 4HE TURBULENCE:
DNS RESULTS AND THEIR ANALYSIS
A. Numerical procedure
We carried out a series of DNSs of coupled HVBK
Eqs. (1) for normal- and superfluid velocities for different
temperatures T using a fully de-aliased pseudospectral
code with resolution 10243 collocation points in a triply
periodic domain of size L = 2π. Table I summarizes the
parameters used in simulations. The temperature depen-
dencies of some parameters used in Eq. (1) [ratio of su-
perfluid and normal fluid densities ρs/ρn, mutual friction
parameters α and αρs/ρn and the (effective) kinematic
viscosities νs and νn ] are shown in Fig. 1.
To obtain steady-state evolution, velocity fields of the
normal and superfluid components are stirred by two in-
dependent random Gaussian forcings:
〈ϕ˜u(k, t) · ϕ˜∗u(q, t′)〉 = Φ(k)δ(k − q)δ(t− t′)P̂ (k) , (18)
where P̂ (k) is a projector assuring incompressibility and
Φ(k) = Φ0k
−3; ∗ stands for complex conjugation and the
forcing amplitude Φ0 is nonzero only in a given band of
Fourier modes: kϕ˜ ∈ [0.5, 1.5]. Time integration is per-
formed using 2-nd order Adams-Bashforth scheme with
viscous term exactly integrated.
Simulations for the temperature range T = 1.3− 2.1K
were carried out with the superfluid viscosity fixed and
the value of νn found from the ratio νs/νn taken equal
to the known value of this ratio at each temperature.
In addition, the simulations at low resolution (2563) for
T = 1.7− 2.1K and at high resolution for high tempera-
ture range T = 1.8− 2.1K were carried out also with the
constant viscosity of the normal fluid component and νs
varied in accordance with the temperature dependence
of their ratio. These additional simulations allowed to
distinguish the influence of the temperature dependence
and the Reynolds number dependence of the structure
functions and flatness of two components. When νs is
constant and νn is varied, the results for normal compo-
nent are affected by both dependencies, while the results
for the superfluid component depend only on the temper-
ature. Situation is reversed when νn is fixed and νs is var-
ied: in this case the results for the superfluid component
depend simultaneously on the changing temperature and
Reynolds number. Our exploratory results show that the
outcome does not depend on the protocol. The detailed
behavior needs to be explored further. We comment on
this double dependence where relevant.
B. Turbulent energy spectra
One dimensional energy spectra for the normal fluid
component (solid lines) and for the superfluid compo-
nent (dashed lines) are shown in Fig. 2a. The spectra are
compensated by the Kolmogorov 1941 (K41) scaling be-
havior and normalized by the total kinetic energy of the
normal fluid component:
En,s(k) = k5/3En,s(k)/En , En =
∫
En(k)dk . (19)
The line colors used for different temperatures from
T = 1.3K to T = 2.1K are the same in all figures. For
comparison we also show in Fig. 1a by thick black dashed
line the spectrum corresponding to the classical hydro-
dynamic turbulence. It was obtained by simulations of
the decoupled Eqs. (1) with Ω = 0 and equal viscosities.
There are several important features of these spectra.
First of all, all the compensated spectra (both for nor-
mal and superfluid components) have a plateau in the
6(a) (b)
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FIG. 2: Color online. Panel a: Normalized compensated by k5/3 energy spectra of normal (solid line) and superfluid (dashed
line) components En,s [ Eq. (19)]. The thick black dashed line, marked Ω = 0, corresponds to the energy spectra in the decoupled
case. Panel b: Normalized cross-correlation functions R1(k) (solid lines) and R2(k) (dashed lines) [Eq. (21)].
small k-range, k . 20 for our resolution, meaning that
Es(k) ≈ En(k) ∝ k−5/3. We therefore confirm previ-
ous observations1,6,7,9,10 that the energy spectra in the
coflow of superfluid He are similar to the energy spectra,
observed in classical turbulence 26. We do not resolve the
intermittency corrections in the spectra.
For k & 20, the compensated spectra for different tem-
peratures fall off differently, due to combined influence
of the viscous dissipation and dissipation by mutual fric-
tion. The interplay of these two types of dissipation leads
to a complicated relation between the normal and super-
fluid spectra. Since νs < νn for T . 1.85K and νs > νn
for T & 1.85K (see Fig. 1c and the Table I), the normal
spectra (solid lines) decay faster than the superfluid spec-
tra (dashed lines of the same color) for low temperatures
and slower for high T , almost coinciding for T = 1.9K
(red lines). In addition, all normal fluid spectra (solid
lines in Fig. 2a) lie below the classical spectrum (thick
black dashed line for Ω = 0) for the same νn . The addi-
tional energy dissipation is caused by the mutual friction,
which becomes important where the velocities of the com-
ponents become unlocked. On a semi-quantitative level
this behavior is similar to that found earlier in Ref. 25
using Sabra-shell model approximation.
C. Cross-correlation of the normal and superfluid
velocities
To better understand the behavior of the energy spec-
tra at different temperatures, we consider correlation
between normal and superfluid velocities. It is often
assumed27 that the normal and superfluid velocities are
“locked” in the sense that
un(r, t) = us(r, t) . (20)
To quantify the statistical grounds for this assumption,
we use the 1D cross-velocity correlation function Ens ∝
〈un(k) · us(k)〉, Eqs. (4), normalized in two ways20,25,28:
R1(k) =
2Re{Ens(k)}
Es(k) + En(k)
, (21a)
R2(k) =
Re{Ens(k)}√
Es(k) ·En(k)
. (21b)
Here Re{...} denotes real part of a complex variable.
Both cross-correlations are equal to unity for fully
locked superfluid and normal velocities [in the sence of
Eq. (20)], and both vanish if the velocities are statistically
independent. However, if the velocities are proportional
to each other
u˜n(k, t) = C(k)u˜s(k, t) , (22a)
with C(k) 6= 1, then R1(k) = 2C(k)/(C2(k) + 1) < 1,
while R2(k) is still equals to unity, R2(k) = 1. In any
case R1(k) 6 R2(k).
The cross-correlations R1(k) and R2(k) are shown in
Fig. 2b by solid and dashed lines, respectively, with the
same color code for different T as in Fig. 2a. Clearly,
both R1(k) and R2(k) monotonically decrease with k and
for some cases become significantly smaller than unity al-
ready at k ≈ 10 . For example, for T = 2.0K and k > 50,
R1(k) ≈ R2(k) < 0.3. Thus the normal and superfluid
velocities begin to decorrelate in the cross-over region
between inertial and viscous interval and are practically
uncorrelated in the viscous subrange. For temperatures
around 1.8÷2.0K, the normal- and superfluid viscosities
are similar and R1(k) ≈ R2(k) at all k.
On the other hand, for low and high T , R2(k) signifi-
cantly exceeds R1(k), especially in the large wavenumber
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FIG. 3: Color online. Energy spectra [Panels (a)-(c)] and the energy balance [Panels (d)-(f)] for the normal (solid lines) and
superfluid (dashed lines) components. The spectra and balances are shown for three representative temperatures. Different
terms of Eq. (6) are marked in the panels. In panels (d)-(f), absolute values of the terms are shown.
limit. This is best visible for T = 1.3K. At this temper-
ature νn ≃ 25νs and the normal fluid component is over-
damped at large k: vn(k) ≪ vs(k). As a result, vn(k)
does not have its own nonlinear dynamics. Accounting
in Eq. (1b) (in k-representation) only for the viscous and
mutual friction terms we get:
νnk
2u˜n(k, t) ≈ αρsΩ
ρn
u˜s(k, t) , (22b)
meaning that the normal fluid velocity follows the super-
fluid one in the sense of Eq. (22a) with
C(k) =
αρsΩ
ρnνnk2
< 1 . (22c)
In this approximation En(k) ≈ [C(k)]2Es(k) < Es(k)
and R1(k) < 1, while R2(k) ≈ 1. Similar (but less
pronounced) effect takes place at temperatures near the
Tλ, where νs ≫ νn, see for example R1(k) and R2(k) in
Fig. 2b for T = 2.1K, for which νs ≃ 4νs. The fast change
in the component’s viscosity and density for T > 2K
[see Fig. 1(b) and (c)] leads to striking difference in all
statistical properties of superfluid 4He at T = 2K and
T = 2.1K, shown in the figures by black and pink lines,
respectively.
We stress that numerical results shown in Fig. 2b qual-
itatively agree for most of temperatures with the analyti-
cal expression of the cross-correlation Ens(k)
25,28, which
in current notations reads:
Ens(k) = αΩ[ρn En(k) + ρsEs(k)]
αΩρ+ ρn[(νs + νn) k2 + γn(k) + γs(k)]
. (23)
Here γs(k) =
√
k3Es(k) and γn(k) =
√
k3En(k) are di-
mensional K-41 estimates of the turnover frequencies of
eddies in the superfluid and normal fluid components,
respectively.
D. Energy balance
To quantify the relative importance of different terms
of the energy balance equations Eq. (6), we plot them
in Fig. 3 for three typical temperatures T = 1.3, 1.8 and
2.1K together with the energy spectra Es, En and the
cross-correlation Ens. Here the terms 〈Ω(t)E(k, t)〉 in
Eqs. (6) were calculated directly, not using product of
averages.
Starting with low temperature [T = 1.3K,
Fig. 3(a),(d)], we note that the normal and superfluid en-
ergy spectra and the cross-correlation almost coincide for
k . 20. For larger wavenumbers En < Ens and Dα,n is
negative, transferring energy from the superfluid com-
ponent to the normal component. Most of this energy is
dissipated by the viscous friction Dν,n even at low k. The
normal component is mostly responsible for the energy
dissipation at low T due to large ratio of densities and
viscosity.
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FIG. 4: Color online. The compensated structure functions S3(r)/r of normal [Panel (a)] and superfluid [Panel (b)] components
as a function of r. Here and in other figures, the thick black dashed line, marked Ω = 0, corresponds to the decoupled case.
The thin straight solid lines indicate viscous behavior S3 ∝ r
3
.
At moderate temperatures [T = 1.8K, Figs. 3(b) and
(e)] the two components have similar behavior. The en-
ergy exchange and dissipation due to mutual friction in
both components is dominant over almost all scales, while
viscous dissipation takes over only deep in the viscous k-
range.
At high T [Fig. 3(c,f)], the superfluid components is
the most dissipative part of the system, by the mutual
friction in the inertial range and by viscosity at higher k.
E. Velocity structure functions
Statistical properties of the turbulent flows are usu-
ally characterized by velocity structure functions Sn(r).
Their scaling behavior in the classical turbulence is well
known. Much less is known about structure functions in
the superfluid He. In this Section we discuss the velocity
structure functions of normal and superfluid components
as well as the flatness to analyse intermittency effects in
the two-fluid system.
1. Third-order velocity structure functions S3
One of the most solid results in hydrodynamics turbu-
lence is the scaling of the third order velocity structure
function S3(r) ∝ r, which is a consequence of the 4
5
th
law. To see, in which sense this result is valid in the
superfluid He, we plot in Figs. 4 the normalized S3(r)/r
vs r for both components. First of all, we notice that
the range of wavenumbers, in which the expected scaling
(∝ r ) for classical(decoupled) case is observed, corre-
sponds well to the scaling interval of the energy spectrum
for this case. Very similar behavior is observed in S3 of
both components for the highest available temperature
T = 2.1K. At two lowest temperatures, T = 1.3 and
1.6K, the superfluid structure function S3,s almost coin-
cides with the results for T = 2.1K, while for the normal
component S3,n is closer to the moderate temperature
ones. This is the consequence of the combined influence
of the temperature and Re-number dependence of the
flow: the results presented here were obtained with fixed
νs and for the superfluid component are affected only by
temperature. The results for normal fluid obtained with
fixed νn are very similar to shown here for the superfluid
components, with the difference that the structure func-
tion for T = 2.1K does not approach S3 for the decoupled
case.
For the moderate temperatures T = 1.8 − 2.0K, the
extent of the inertial interval where S3/r is horizontal,
is shortened. For T = 2.0K, there is no inertial scaling
range at all, unlike the energy spectrum, in which the
inertial range is clearly observed for k . 20. On the
other hand, a viscous scaling range with scaling ∝ r3 at
small r is observed in this temperature interval.
2. Velocity structure functions S2 and S4
Next we turn to the second and forth order structure
functions for both components. In Fig. 5 we plot S2 and
S4 compensated by their respective Kolmogorov scaling.
Clearly, all main features are similar to those of S3 -
for low T and T = 2.1K the structure functions of the
superfluid component are similar to the classical case,
while in the intermediate temperature range the iner-
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FIG. 5: Color online. The compensated structure functions S2(r)/r
2/3 [Panels (a),(b)] and S4(r)/r
4/3 [Panels (c),(d)] as a
function of r. The thin straight solid lines indicate viscous behavior S2 ∝ r
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FIG. 7: Flatness as a function of temperature for the normal component [Panel (a)] and for the superfluid component [Panel
(b)] for different separations r˜n,s = r/ηn,s. The horizontal dashed lines lines correspond to the classical values of flatness for the
same separations (marked by the same colors). The classical values are represented by the decoupled case. The lowest black
dashed line corresponds to the Gaussian value Fv = 3. The erorbars were obtained by averaging results for different intervals
of the time realization.
tial range scaling is lost with a scaling range for small
r seen for T = 2.0K. Here this scaling is S2(r) ∝ r2
and S4(r) ∝ r4 for both components and corresponds to
the viscous range scaling. The signature of the mixed
temperature and Re-number dependence in the normal
fluid component is also very similar to that of the third
order structure function. We therefore can hope that us-
ing Extended Self-Similarity29(ESS) i.e. using S3 instead
of r, will extend the scaling range and allow us to have
better understanding of the intermittency corrections in
superfluid turbulence.
3. Flatness and Intermittency
The most direct information on the intermittency may
be obtained from flatness Fv ≡ S4/S22 . In Fig. 6 we show
Fv for the normal and superfluid components as a func-
tion of S3. Evidently, the behavior of the flatness for the
decoupled case resembles that of the classical turbulence:
Fv ≈ 3 at large scales and is larger for small scales, reach-
ing the value of about 7 for r ≈ 10−2. Again, the flatness
for both superfluid and normal components at low T and
for T = 2.1K is close to the decoupled case, while in
the intermediate temperature regime the flatness grows
faster towards small scales (with an apparent exponent
−0.2 for T = 1.9K compared to −0.14 for the decoupled
case) and reaches values above 10. These observations
confirm that intermittency in the intermediate range of
temperatures is stronger that in classical turbulence.
Since accurate extraction of scaling exponents is diffi-
cult at our resolution, we plot in Fig. 7 the values of flat-
ness at a number of normalized scales r˜n,s = r/ηn,s, where
ηn,s =
√
2νn,s/urms, for different temperatures. The eror-
rbars were calculated by averaging the values of flatness
obtained over different parts of the time realization. The
horizontal dashed lines mark the values of flatness in the
classical turbulence ( represented here by the decoupled
case). The color code of the lines indicated the scale
for which Fv was calculated. Clearly, the deviation from
Gaussianity is close to that in the classical hydrodynamic
turbulence at large scales and stronger for small scales.
This intermittency enhancement is particulary notable
for T = 1.8 − 2.0K, with small scales flatness exceed-
ing twice the classical values for both components. The
smaller-than-classical values of Fv for normal component
at T = 1.6K re due to mixed influence of temperature
and Re number dependence of the structure functions.
These values are similar to Fv for superfluid component
when calculated with fixed νn, although the errorbars in
this case are larger.
F. Flip-flop scenario of the intermittency
enhancement in 4He turbulence
The intermittency enhancement, clearly demonstrated
in Fig. 7, takes place at temperatures, for which proper-
ties of normal and superfluid components are very sim-
ilar. Closeness of densities leads to most efficient en-
ergy exchange by mutual friction. Indeed, the dissipa-
tion by mutual friction is almost identical at T = 1.8K
(cf.Fig. 3) and is responsible for the energy dissipation
in both components at almost all scales. We therefore
suggest a variant of a flip-flop scenario18 of the inter-
mittency enhancement in 4He turbulence by a random
energy transfer between normal- and superfluid compo-
nents due to mutual friction. Such an energy exchange
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serves as additional random forcing in a wide range of
scales, leading to enhanced intermittency of the velocity
fluctuations.
IV. SUMMARY
We performed a series of DNS of the two-fluid gradu-
ally damped HVBK equations for homogeneous isotropic
coflows in superfluid 4He. The two fluid components
are interacting via a self-consistent and non-linear mu-
tual friction, defined in terms of a temperature depen-
dent coupling factor which is a function of the super-
fluid enstrophy spectrum. The statistical properties of
both components, characterized by energy spectra, veloc-
ity structure functions and flatness, are similar, although
not identical. We found that the two components are less
correlated in the range of temperatures where their densi-
ties and viscosities are close. On the other hand they are
more correlated when the density of one of the compo-
nents dominates. One can understand this as “slaving”
of the rare component by the dense one that dominates
the composition. When the two components are close
in densities each can have a life of its own, reducing the
measured correlations between them.
A significant enhancement of small scale intermittency,
characterized by flatness, is observed in the intermedi-
ate temperature range T = 1.8 − 2.0K. We suggest a
flip-flop mechanism of such an enhancement. The effi-
cient energy exchange between two components by mu-
tual friction serves as an effective forcing on a wide range
of scales. This forcing effectively intervenes with the en-
ergy cascade over scales. This effect is simultaneously
present in both components. This observation confirms
previous numerical results14,16.
Given the present available resolution, it is difficult
to make any systematic assessment about existence of
pure inertial range scaling exponents which is indepen-
dent of the Reyonlds number. Accordingly we cannot
state whether these are different from the ones measured
in homogeneous and isotropic classical turbulence. Usual
phenomenology would predict that the mutual friction
should induce some sub-leading scaling corrections that
might indeed be the reasons for the apparently differ-
ent scaling properties measured for some temperature
range. Only further studies at increasing Reynolds num-
bers might be able to answer this question and clar-
ify whether the differences between the two fluids and
the apparently different scaling properties in the inertial
range are Reynolds independent or not. On the other
hand, the empirically observed enhancement of flatness
for the Reynolds numbers investigated here is a robust
observation, independent of the existence of any power
law scaling.
A possible reason for lack of experimental evidence of a
temperature dependence of turbulent statistics in coflow-
ing 4He in Ref. 12 may be a particular choice of the flow
type, which is anisotropic and in which the turbulence
is not fully developed at small scales, where the effect is
observed.
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